The abelian projection of lattice gluodynamics is reviewed. The main topics are: abelian and monopole dominance, monopole condensate as the disorder parameter, effective abelian Lagrangian, monopoles in the instanton field, Aharonov -Bohm effect on the lattice.
INTRODUCTION
We do not have much intuition in nonabelian theories, whereas our understanding of the Maxwell equations and abelian theories is far better. For this reason people are trying to explain the confinement phenomenon in terms of the abelian projection of nonabelian theory [1] . Different abelian projections lead to different abelian theories, and now it is clear that there exist at least one abelian projection, called the maximal abelian projection (MA) [2] , in which the resulting abelian theory is close to the dual Abelian Higgs model, the abelian monopoles are condensed and the linear q −q potential can be explained [3] at the level of the classical equations of motion (formation of the dual Abrikosov vortex). The dependence of the abelian theory on the type of the projection is a weak point of this approach, and the popular idea is that all abelian projections can lead to the same physics, if we consider a certain generalized version of the abelian projection, e.g. extended monopoles.
Most of the numerical results are obtained in the MA projection which, for the SU (2) gauge theory, corresponds to the minimization of the functional:
The corresponding differential equation is:
In Section 2 the abelian and monopole dominance is discussed with regard to various abelian projections. In Section 3 we discuss the effective monopole Lagrangian and the phenomenon of the monopole condensation. The relation of monopoles and instantons is reviewed in Section 4. In Section 5 it is shown that an analogue of the Aharonov -Bohm effect can be found in lattice gauge theories.
ABELIAN AND MONOPOLE DOMI-NANCE

Maximal Abelian Projection
The notion of the "abelian dominance" introduced in [4] means that the expectation value of the physical quantity < X > in nonabelian theory coincides with the corresponding expectation value in the abelian theory obtained by the abelian projection. The monopole dominance means that the same quantity can be calculated in terms of the monopole currents extracted from the abelian fields. If we have N configurations of the nonabelian fields on the lattice, the abelian dominance means that:
Here each sum is taken over all configurations; U abelian = e iθ l is the abelian part of the nonabelian fieldÛ nonabelian , j is the monopole current extracted from U abelian .
It is clear that 1 N conf X (Û nonabelian ) is a gauge invariant quantity, while the abelian and the monopole contributions depend on the type of the abelian projection. In numerical calculations the equalities (3) can only be satisfied approximately.
Among the well-studied problems is that of the abelian and the monopole dominance for the string tension [4] [5] [6] [7] .
In this case,
and the string tension σ SU(2) (σ U (1) ) is calculated by means of the nonabelian (abelian) Wilson loops, T r l∈CÛ l ( l∈C e iθ l ). An accurate numerical study of the MA projection of SU (2) gluodynamics on 32 4 lattice at β = 2.5115 is performed in ref. [7] . The abelian and the nonabelian potentials are shown in Fig. 1 (taken from [7] ). The contribution of the photon and the monopole parts to the abelian potential is shown in Fig. 2 [7]. The differences in the slopes of the linear part of the potentials in Fig. 1 and Fig. 2 yield the following relations:
, where σ j is the monopole current contribution to the string tension. It is important to study a widely discussed idea that in the continuum limit (β → ∞) the abelian and the monopole dominance is exact (3): σ SU(2) = σ U(1) = σ j .
There are many examples of the abelian and the monopole dominance in the MA projection. The monopole dominance for the string tension has been found in the SU (2) positive plaquette model in which Z 2 monopoles are suppressed [8] , it has also been found for the SU (2) string tension at finite temperature [9] and for the string tension in the SU (3) gluodynamics [10] . The abelian and the monopole dominance for the SU (2) gluodynamics has been found in [11, 12] for the Polyakov line and for the critical exponents for the Polyakov line, for the value of the quark condensate, for the topological susceptibility and also for the hadron masses in the quenched SU (3) QCD with Wilson fermions [13] .
Two Open Problems
Consider the adjoint sources in the SU (2) gluodynamics. After the abelian projection, the corresponding Wilson loop can be represented as a sum of the charge two, W 2 , and the charge zero, W 0 , contributions. This fact give rise to a paradox discussed in refs. [14] [15] [16] [17] : for the zero U (1) charge there is no confinement (therefore there is no area low for the sum W 2 + W 0 ), but for the SU (2) gluodynamics at the intermediate distances there exists string tension for the adjoint sources ("Casimir scaling" [14] ). A partial solution of this problem has been found in refs. [16, 17] : it is possible to reproduce the SU (2) string tension for the adjoint sources using only abelian variables (see Fig.11 of ref. [16] and Fig.3 of ref. [17] ).
Another widely discussed question is that, possibly, the property of the abelian dominance can be proved analytically, and is, therefore, trivial. The idea is as follows. Consider an irreducible correlator G(x) = < A(x)A(0) >. By the spectral theorem G(x) ≈ Ce −m|x| at large |x|; the con-stant C depends on the choice of A, but the mass m is the same for all A with the same quantum numbers. Similar arguments based on the transfer matrix approach show that the string tension should be the same for the SU (2) sources in the full SU (2) theory and for the U (1) sources after the abelian projection. But for the MA projection the resulting U (1) theory is nonlocal in space and in time and the use of the transfer matrix approach and/or spectral theorems is questionable.
Various Abelian Projections
Different abelian projections lead to different U (1) gauge theories. The "extreme" example is the "minimal abelian projection" [18] , in which the properties of the monopole currents differ much from those in the MA projection. The projection in which the field strengthF 12 is diagonalized also yields the results which are different from those in the MA projection [19] [20] [21] . The projection, corresponding to the diagonalization of the Polyakov line is closer to the MA projection, but still the results are not the same [20, 22, 21] . For instance, the Abrikosov vortices are suppressed in this projection compared to the MA projection [22] . There are two new examples of the abelian projection (mAA and mAMD) [23] with the results very close to the MA projection: the abelian and the monopole dominance is found in these projections (see Fig. 5 of ref. [23] ). Due to the presence of the Gribov copies it is difficult to fix numerically the MA projection, just as the projections suggested in ref. [23] . A smooth abelian projection which is free from the Gribov copies is suggested in ref. [24] , a numerical study shows that the properties of the monopole currents in this projection are close to the properties of the monopole currents in the MA projection; the abelian dominance has not yet been studied.
In ref. [15] the "Maximal Z 2 gauge" is suggested in which the SU (2) fields are projected on the Z 2 fields. It is instructive that the approximate abelian dominance (center dominance) for the string tension exists in this projection. This fact allows one to discuss [15] the "spaghetti vacuum model" as the supplementary model to the model of the dual superconducting vacuum. Another observation from ref. [15] should be mentioned: if we perform the MA projection only for the gauge fields U x,x+μ with µ = 1, 2 and do not fix the MA projection for µ = 3, 4, then the abelian dominance takes place for the string tension constructed from Wilson loops in 1 − 2 plane.
MONOPOLE CONDENSATE AND
EFFECTIVE MONOPOLE ACTION 3.1. Disorder Parameter for the Deconfinement Phase Transition If the vacuum of the SU (2) gluodynamics in the abelian projection is similar to the dual superconductor, then the value of the monopole condensate should depend on the temperature as a disorder parameter: at low temperatures it should be nonzero, and it should vanish above the deconfinement phase transition. A numerical study of the monopole condensate has been recently performed by three teams [20, [25] [26] [27] .
The logarithmic derivative of the monopole creation operator with respect to β (ρ = ∂ϕ/∂β) for SU (2) lattice gluodynamics is studied in refs. [20, 25] , where it is shown to have a peak just at the point of the phase transition. A similar operator exhibits the same behavior in the lattice compact electrodynamics, in the SU (3) lattice gauge theory, and in the 3D XY model [25, 28] .
Another form of the monopole creation operator is studied in ref. [26] . This form is similar to that suggested by Fröhlich and Marchetti [29] for the compact electrodynamics. For the SU (2) lattice gluodynamics in the MA projection, it is convenient to study the probability distribution of the value of the monopole creation operator (similar calculations were performed for the compact electrodynamics in ref. [30] ). It occurs that at low temperatures, below the deconfinement phase transition the maximum of the distribution is shifted from zero, which means that the effective constraint potential is of the Higgs type. Above the phase transition the minimum of the potential, ϕ C , (the maximum of the monopole field distribution) is at the zero value of the monopole field. The dependence of the quantity ϕ C (which is proportional to the value of the monopole condensate) on β is shown in Fig. 3 . It is obvious that ϕ C behaves as the dis- The monopole creation operator [31] in the monopole current representation is studied in ref. [27] . First the monopole action is reconstructed from the monopole currents in the MA projection, and after that the expectation value of the monopole creation operator is calculated in the quantum theory of monopole currents. Again, the monopole creation operator depends on the temperature as the disorder parameter.
Effective Monopole Action
The examples discussed in Sect. 3.1 show that there exists the monopole condensate in the confinement phase of the lattice gluodynamics. Thus the simplest (i.e., with the minimal number of derivatives) effective Lagrangian for the abelian fields (diagonal gluon fields) should be equivalent to the Lagrangian of the dual Abelian Higgs model. In this model, the confinement of quarks exists at the classical level. It is important to find out whether the effective Lagrangian for the abelian field (diagonal gluon field) in the continuum limit (β → ∞) is close to the Lagrangian of the Abelian Higgs model. The effective Lagrangian for the monopole currents can be more easily reconstructed from the numerical data [23] . For the SU (2) lattice gauge theory in the MA projection the coefficients of the Lagrangian for the extended monopoles [19] seem to scale [23] , which means that there exists a continuum limit of the effective action. Some preliminary results have been obtained by a similar study of the monopole Lagrangian for the lattice SU (3) gluodynamics [23] .
MONOPOLES AND INSTANTONS
Since monopoles are responsible for the confinement, it is important to find a general class of nonabelian fields which generate monopoles, in particular, in the MA projection. This is a rather complicated problem. There exists the projection independent definition of the monopole [32] . Still it is unclear how these monopoles are related to the abelian monopoles and what is the confinement mechanism if monopoles are nonabelian. As claimed in [33] , there are some classical structures (bumps in the field strength) which are correlated with the string tension. It is unclear wether these structures are related to monopoles.
At present, there exists only one carefully studied example: it occurs that instantons and monopoles in the MA projection are interrelated. The simplest solution [34] of the problem, shown in Fig. 4 , consists of the straight line monopole trajectory which goes through the center of the instanton. A more complicated solution [35] , shown in Fig. 5 , consists of the circular monopole current of radius R, and the instanton of the width ρ at the center of the monopole trajectory. It occurs that both solutions satisfy equation (2) , but the minimization condition of (1) holds only for the second solution (Fig. 5) in the limit R → 0. It is important that the leading correction to the minimization condition of (1) is of the order of (R/ρ) 4 ln(R/ρ) [35] . Therefore any small quantum fluctuations (or even the coarseness of the lattice) can create small monopole loops.
The solutions, shown in Figs. 4,5 are observed for the SU (2) instantons in the MA projection on the lattice [36] [37] [38] . Moreover, there exists a correlation between the topological charge and the monopole currents for the cooled and non-cooled lattice field configurations in the MA projection [39, 40] . The relation observed between instantons and monopoles allows one to discuss instantonmonopole models of the QCD vacuum [41] .
In the MA projection the nonabelian part of the gluon field is suppressed and, therefore, the abelian field corresponding to the instanton field is almost selfdual and the magnetic current j µ = 1 2 ∂ ν ε µναβ f αβ should be accompanied by the electric current j µ = ∂ ν f µν . This effect -the dyon creation by the instanton field -is observed for the instantons on the lattice [38] . If dyons (not monopoles) are condensed, then the AbrikosovNielsen-Olesen string dynamics may be very nontrivial and the QCD strings may be fermionic (E. Akhmedov, M. Chernodub and M. Polikarpov, in preparation).
AHARONOV -BOHM EFFECT ON THE LATTICE
There is a field theoretical analogue [42] of the Aharonov-Bohm effect. The simplest example is the Abelian Higgs theory. It is possible to represent the partition function of this theory as a sum over closed surfaces [43] , which are the world sheets of the Nielsen-Olesen strings: Z = σ exp{−S(σ)}. In this representation the expectation value of the Wilson loop for the charge M is:
Here N is the charge of the Higgs field. The longrange interaction described by the term which is proportional to the linking number IL of the string world sheet σ and the world line C 1 of the test charge is a four-dimensional analogue of the Aharonov-Bohm effect: strings correspond to solenoids which scatter charged particles.
This topological interaction was found numerically [44] in the 3D Abelian Higgs model. In the abelian projection of gluodynamics the offdiagonal gluons carry charge 2, the test quark in the fundamental representation has charge 1, and the situation is quite similar to the Abelian Higgs model. The problem is how to construct the scalar field (an analogue of the Higgs field) from the vector charged field (off-diagonal gluon). This can be done in several ways. There are indications that for a new type of the abelian projection of the SU (2) lattice gluodynamics there exists topological interaction (M.N. Chernodub and M.I. Polikarpov, work in progress). It occurs that < AB > − < A > · < B > = 0, where A = W (C) is the Wilson loop, and B = exp{πiIL(σ, C)}. The details will be given in a separate publication.
CONCLUSIONS AND ACKNOWL-EDGMENTS
The facts described in this talk show that there are many physical effects in the abelian projection of gluodynamics. It occurs that in the MA projection (almost) all physical information is shifted to the abelian part of the gluon field. Probably this is a nontrivial fact, which is due to some small dynamical parameter.
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